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Beyond Fermat’s Little Theorem

• For prime 𝑝, if 𝑎 ≢ 0 (mod 𝑝), then

𝑎𝑝−1 ≡ 1 (mod 𝑝)



Non-zero power congruent to 1

• When can we get 𝑎𝑡 ≡ 1 (mod 𝑛)?

• Always, when 𝑛 is a prime number.

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖 𝒂𝟗 𝒂𝟏𝟎 𝒂𝟏𝟏 𝒂𝟏𝟐

1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 4 1 2 4 1 2 4 1 2 4 1

3 3 2 6 4 5 1 3 2 6 4 5 1

4 4 2 1 4 2 1 4 2 1 4 2 1

5 5 4 6 2 3 1 5 4 6 2 3 1

6 6 1 6 1 6 1 6 1 6 1 6 1

mod 7



What about for composite 𝑛

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖 𝒂𝟗 𝒂𝟏𝟎 𝒂𝟏𝟏 𝒂𝟏𝟐

1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 4 8 4 8 4 8 4 8 4 8 4

3 3 9 3 9 3 9 3 9 3 9 3 9

4 4 4 4 4 4 4 4 4 4 4 4 4

5 5 1 5 1 5 1 5 1 5 1 5 1

6 6 0 0 0 0 0 0 0 0 0 0 0
mod 12



What about for composite 𝑛

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖 𝒂𝟗 𝒂𝟏𝟎 𝒂𝟏𝟏 𝒂𝟏𝟐

0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 4 8 4 8 4 8 4 8 4 8 4

3 3 9 3 9 3 9 3 9 3 9 3 9

4 4 4 4 4 4 4 4 4 4 4 4 4

5 5 1 5 1 5 1 5 1 5 1 5 1

6 6 0 0 0 0 0 0 0 0 0 0 0

7 7 1 7 1 7 1 7 1 7 1 7 1

8 8 4 8 4 8 4 8 4 8 4 8 4

9 9 9 9 9 9 9 9 9 9 9 9 9

10 10 4 4 4 4 4 4 4 4 4 4 4

11 11 1 11 1 11 1 11 1 11 1 11 1

mod 12



Theorem

• If 𝑎𝑡 ≡ 1 mod 𝑛 for some 𝑡, then gcd 𝑎, 𝑛 = 1.



Only need tables for relative primes

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖 𝒂𝟗 𝒂𝟏𝟎 𝒂𝟏𝟏 𝒂𝟏𝟐

0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1

2 2 4 8 4 8 4 8 4 8 4 8 4

3 3 9 3 9 3 9 3 9 3 9 3 9

4 4 4 4 4 4 4 4 4 4 4 4 4

5 5 1 5 1 5 1 5 1 5 1 5 1

6 6 0 0 0 0 0 0 0 0 0 0 0

7 7 1 7 1 7 1 7 1 7 1 7 1

8 8 4 8 4 8 4 8 4 8 4 8 4

9 9 9 9 9 9 9 9 9 9 9 9 9

10 10 4 4 4 4 4 4 4 4 4 4 4

11 11 1 11 1 11 1 11 1 11 1 11 1

mod 12



Only need tables for relative primes

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖 𝒂𝟗 𝒂𝟏𝟎 𝒂𝟏𝟏 𝒂𝟏𝟐

1 1 1 1 1 1 1 1 1 1 1 1 1

5 5 1 5 1 5 1 5 1 5 1 5 1

7 7 1 7 1 7 1 7 1 7 1 7 1

11 11 1 11 1 11 1 11 1 11 1 11 1

mod 12

• Conclusion: 𝑎2 ≡ 1 (mod 12) for all 𝑎 such that 𝑎 is 
relatively prime to 12. That is, for all numbers 𝑎
where gcd 𝑎, 12 = 1 .



Powers mod 8

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1

3

5

7

Powers mod 10

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1

3

7

9

Powers mod 14

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1

3

5

9

11

13

Powers mod 18

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1

5

7

11

13

17

Powers mod 15

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1

2

4

7

8

11

13

14



Powers mod 8

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1 1 1 1 1 1 1 1 1

3 3 1 3 1 3 1 3 1

5 5 1 5 1 5 1 5 1

7 7 1 7 1 7 1 7 1

Powers mod 10

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1 1 1 1 1 1 1 1 1

3 3 9 7 1 3 9 7 1

7 7 9 3 1 7 9 3 1

9 9 1 9 1 9 1 9 1

Powers mod 14

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1 1 1 1 1 1 1 1 1

3 3 9 13 11 5 1 3 9

5 5 11 13 9 3 1 5 11

9 9 11 1 9 11 1 9 11

11 11 9 1 11 9 1 11 9

13 13 1 13 1 13 1 13 1

Powers mod 18

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1 1 1 1 1 1 1 1 1

5 5 7 17 13 11 1 5 7

7 7 13 1 7 13 1 7 13

11 11 13 17 7 5 1 11 13

13 13 7 1 13 7 1 13 7

17 17 1 17 1 17 1 17 1

Powers mod 15

𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 𝒂𝟕 𝒂𝟖

1 1 1 1 1 1 1 1 1

2 2 4 8 1 2 4 8 1

4 4 1 4 1 4 1 4 1

7 7 4 13 1 7 4 13 1

8 8 4 2 1 8 4 2 1

11 11 1 11 1 11 1 11 1

13 13 4 7 1 13 4 7 1

14 14 1 14 1 14 1 14 1



Patterns from exercise

• Can you conjecture any patterns from which columns 
were all ones?

• Does it help if you include prime modulus?


