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Quiz 5 - Wednesday - Solutions

Problem 1: Higher-order inhomogeneous equation [25pts]

Consider the following ODE:
ylll+yll_yl_y:w+1

1. [10pts] Find the real homogeneous solution.
2. [10pts] Find a real particular solution.

3. [5pts] Find the real general solution.

N+A2-A-1=0
A+1)2A-1)=0
{ —1, multiplicity 2
A=
1
Thus, the homogeneous solution is
yn = 1€ + coxe © + c3e”

Ansatz for particular solution

yp, = Az + B.
yp = A
yp =0
yp =0
Thus,

y/H+y"—y,_y:_A—A,'E—Bzx—'—]_
So,A=—-1and B=0

Yyp = 7

The general solution is
y=-cie*+core?®+c3e” —x

Problem 2: System of equations [25pts]

Solve the following initial value problem:



T=x+ 2y
y =2z + 4y

where z(0) = 5 and y(0) = 0.
Hint: You learned two different methods for solving this problem, and you may use whichever
one is easier.

Marking notes:

e Getting to the correct characteristic equation is worth 5pts. (whether the student used
substitution or the determinant)

e Getting the correct general solution for x is worth 5pts.

e Getting the correct general solution for y is worth 5pts. (note that if the student solved
it as a matrix equation, then they should get both x and y simultaneously)

e Having the right setup for the initial value problem is worth 5 pts.

e Actually solving the initial value problem to get the correct final solutions for z and y
is worth 5 pts.

Taking the derivative of the top equation,
T=z+2y

T=12+22x+4y) =%+ 4z + 8y
Note that from the top equation y =
E=d+4x+4( —x) =5z

Thus, £ — 5 = 0.

Characteristic equation A2 — 5\ = A(A —5) =0, so A = 0, 5.
The equation is homogeneous, so the general solution is

b= ¢1 4 cpe™

N =

(& —z)

T = cleot + 6265
& = begedt

y= %(az — ) from above, so

y= %(50265t — (c1 + c2e™)) = %(4028‘% —c1) = 2c2e” —

Y= —%cl + 2cy€’!

1
P

If we plug in the initial values z(0) = 5 and y(0) = 0, we find that ¢; =4 and ¢; = 1.
Thus, the final solution to the initial value problem is:

r =4+ e

y= —2 4 2e%



Alternately, we can rewrite as a matrix equation
x 1 2]z
v 12 4|y

The eigendecomposition of the matrix has eigenvalues 0, 5.

—2
v [ 7]

A2 =H,v2 = !
2=90,02= |,

Thus,
MR Rt sy
y 1 2 c1 + 2coe™
)

= ,wegetcy =—2,¢c=1

y(O)] [0]
5t

5[5

Y —2 + 2¢”

Problem 3: Matrix equations [24pts + 3pts bonus]

Plugging into [

Let z = Az for each of the following 2x2 matrices A. Classify the equilibrium at the origin by
type and stability. Bonus: if the type is a node, further specify if it is proper, improper, or

neither.
(1 —4
1.
B
5 -3 0]
| 0 -3
[—1 2
3
o
[0 4
4
)

Marking notes: 3pts for getting the type correct, and 3pts for getting the stability correct.
Note that for stability, “stable” and “asymptotically stable” are different things. The 3pt
bonus is for correctly stating the proper node.

spiral, unstable

proper node, asymptotically stable

saddle point, unstable.

center, stable



Problem 4: Word problem [26pts]

Tank A contains 100 gallons of pure water. Tank B contains 200 gallons of water with 50 Ib of
salt dissolved. Water is pumped from tank A to tank B at a rate of 10 gallons per minute. Water
is pumped from tank B to tank A at a rate of 5 gallons per minute. Water is additionally drained
from tank B to the outside at a rate of 5 gallons per minute. Pure water is added to tank A to
keep the total volume constant.

Let A(t) and B(t) denote the total amount of salt present in tanks A and B respectively.

1. [10pts] Draw a 2-compartment model for A and B.
2. [10pts] Write a system of two first-order differential equations modelling the system.

3. [6pts] Find the equilibrium values for A and B.
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