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Recall: linear higher-order ODEs

Linear ODEs: a,, (x)y™ + - a;(x)y’ + ay(x)y = q(x),
where a;(x) and g(x) are all functions of x.
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A: Linear

B: Nonlinear

C: Both

D: ???

E: None of the above



(In)homogeneous linear ODEs

e Linear ODEs: a,,(x)y™ + - a;(x)y’ + ao(x)y = q(x),
where a;(x) and g(x) are all functions of x.
* If g(x) = 0, then homogeneous.
e Otherwise, it is inhomogeneous.
* Note, if nonlinear, then neither definition applies.
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Constant coefficient linear ODEs

* Linear ODEs: a,,(x)y™ + - a; (x)y' + ao(x)y = q(x),
where a;(x) and q(x) are all functions of x.

* If a;(x) = a; for some constant q;, then it has constant
coefficients

* Otherwise, is does not have constant coefficients
* Note, if nonlinear, this terminology does not apply.
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Try it out: homogeneity and "4« e
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A: Homogeneous, constant coefficients
B: Inhomogeneous, constant coefficients
C: Homogeneous, nonconstant coefficients

D: Inhomogeneous, nonconstant coefficients
E: None of the above



Scaling of sols to homogeneous eg

* Let y; be a sol. to the homogeneous linear ODE
an ()y™ + - ay (X)y" + ag(x)y =0
* Then c1y; is a solution to the same ODE, where ¢, is a
constant. Yo it a sl b 4 vy da g s y=D
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Adding sols to homogeneous equation

* Let y;(x) and y, (x) be sol. to the homogeneous linear

ODE
an ()y™ + - ay ()" + ag(x)y =0
* Then y; + y, is a solution to the same ODE.
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Main Theorems

 Let y;(x), y,(x), ..., v, (x) be solutions to the
homogeneous linear ODE

an ()y™ + - a;()y' + ag(x)y = 0
* Principal of Superposition: then ¢c;y; + oy, + -+ ¢V,

is a solution to the same ODE, where c; are arbitrary
constants.

* General solution: If y4, ..., y, are linearly independent,
then all solutions to the ODE can be written in the form

C1Y1 T CYp + -+ CpYn
so we call that the general solution to the ODE.
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Constant coefficient homogeneous sol

* Consider any(") + -+ a;y' +ayy =0, where q;
are constant.

* We can write a characteristic polynomial
p(r) =a,r"+ -+ a;r+ag

* If A is a root of the polynomial (i.e. p(1) = 0), then
e’* is a solution to the ODE.

* If Ais a root of the polynomial with multiplicity k,
then x¥~1e* is a solution to the ODE.

* Note, we will often call A an eigenvalue of the ODE,
for reasons that will become clear later.



Example

*y"+3y'+2y=0
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Try It out

* Which of the following are solutions to
y'""'=2y" —y' + 2y =07
Chon g A - 2AT-ddz= 0
(MN-2)CA-1) =©
(A-2) (N+0)()1-r)=0
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¢ D: All of the above

E: None of the above
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Try It out
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* Find the@solution toy”’ +4y"' + 4y = 0.
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E: None of the above

* What is the solution to the IVP given

y' Ay +ay =0,y(0) = 1, u.)_a

y(e)z ¢ e “ 4 zxc-l‘ [=y(0) = ¢
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Fuler’s Formula: €' = cos O + isin 6

* Real powers define
exponential growth. ;
el =1
el =ex2718
e e% ~ 7.389 sin ¢

* [maginary powers 0 ~
encode rotation 0cos o 1 Re
around the complex
origin.
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Complex roots > Real solutio

NS
* Consider the equationy”’ +y =10 ‘

e Usee™ =cosx +isinx
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Another example
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Complex roots with real coefficients

* Complex roots of a real polynomial always come in pairs
a+ ib.

* If a characteristic equation of an ODE has roots a * ib,
then has complex solutions e(@+)* gnpd g(a—ib)x

* Alternately, it has real solutions e?* sin bx and
e cos bx
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Try It out
e lety" + 4y’ + 29y = 0.

* Which of the following are solutions to the ODE?
ALJed # 27 =0
\pgd F¢ +25=0
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 What about real solutions?
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Repeated complex eigenvalues of ODE

* Like repeated real roots, if a + bi have multiplicity

k, then x*¥~1e2* cos bx and x*~1e%* sin bx are

solutions.
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Summary

* To solve a linear nth-order homogeneous ODE
a,y™ + -+ a,y" +a;y +ayy =0

* Construct the characteristic equation
a A"+ -+ a2 +ad+a; =0

* The n roots (counting multiplicity) of the
characteristic equation are either real or come in
complex conjugate pairs.

* If Ais a (real or complex) root of multiplicity k, then
e’ xet, ... x*"1eX are linearly independent

solutions.

*If A = a + ibis a conjugate pair of complex roots,
each of multiplicity k, then
e cos bx ,xe™ cosbx, ..., x¥ 1e® cos bx and
e sin bx , xe® sin bx, ..., x* " 1e%* sin bx are 2k

linearly independent solutions.



Application: mass-spring system

* A spring acts on an attached
1kg object with force -4
Newtons/meter times the

displacement in meters. M

* Let y be the displacement of
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Initial Value Problem
*y" + 4y =0, where y'(0) =0, y(0) = 10.
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